Let (Eo, El) and (Fo, F1) be two Banach couples and let T" Eo + E1 F0 + F1 be a continuous map such that T: E0 F0 is a Lipschitz compact operator and T: E1 FI is a Lipschitz operator. We prove that if T" E1 F1 is also compact or E1 is continuously embedded in E0 or F1 is continuously embedded inFo, then T" (Eo, El)o,q (F0, F)o,qisalso a compact operator when < q < o and 0 < 0 < 1. We also investigate the behaviour ofthe measure of non-compactness under real interpolation and obtain best possible compactness results of Lions-Peetre type for non-linear operators. A two-sided compactness result for linear operators is also obtained for an arbitrary interpolation method when an approximation hypothesis on the Banach couple (Fo, F) is imposed.
INTRODUCTION
In 1960 Krasnoselskii [18] proved the following theorem" if T "Lpo Lqo is a compact linear operator, T" Lp, Lq is a bounded linear operator, <po, pl,ql<cx and <q0<cx, then T'Lp--+Lq is also a compact Lions and Peetre [19] for the case E0 E1 or F0 F1 and by Persson [22] for E0 E1 and F0 F1 but with an approximation hypothesis on the Banach couple (F0, F1), corresponding to q0 < oe in Krasnoselskii's result.
In 1969 Hayakawa [17] proved a general result for the real method without any approximation property. However it was necessary to impose an additional condition: both operators T:EoFo and T E1 F1 are compact.
The paper by Cobos et al. [7] opened a new era in the research of this problem. After that there were several papers dealing with the same subject (see [4, 5, 8, 12, 13] ).
In 1992 Cwikel [14] (see also [10] ) showed that if T: E0 F0 is a compact linear operator and if T" E1 --* F1 is a bounded linear operator, then T:(Eo, E1)o,q--+(Fo, F1)o,q is also a compact linear operator, (Eo, E1)o,q and (F0, F1)o,q being the real interpolation spaces.
Related with this work is the behaviour under interpolation of the measure of non-compactness. The first results in this direction were obtained by Edmunds and Teixeira [16] . Their results are the analogues of the results of Lions-Peetre and that of Persson. Recently, Cobos et al. [9] proved, for the real interpolation method, a logarithmic-convex inequality for the measure of non-compactness.
Using measures ofnon-compactness, Cobos et al. [6] obtained optimal compactness results of Lions-Peetre type for linear operators. The behaviour of compact non-linear operators under interpolation did not receive much attention. The only paper dealing with this case of which we are aware is that of Cobos [5] where it is shown that the results of Lions and Peetre are also valid for Lipschitz operators.
In this paper we generalise some of the results proved by Cobos et al. [6, 11] for non-linear operators.
We also prove that if (E0, El) Nussbaum [21] proved that if T E (E,E) and re(T) ree(T) is the radius of the essential spectrum, then re(T) lim/l/n(Tn).
Let " (E0, El) and/ (F0, F1) be two Banach couples and let T 2Z(E,F). In [9] it is proved that there is a constant C, independent of the spaces and the operator, such that 
It follows that
and, consequently, 
Proof We first show that T" E F is also a Lipschitz operator. Let (i) ge (i) T" E--F is also a ball-contraction. Furthermore,
Proof First we prove that T" E F is continuous. Since T" E F0
and T" E F1 are continuous, T" E --+ F/x is continuous and this implies that T" E F is continuous.
Let M be a bounded subset of E. By inequality (3.2) it follows that
max {eE, r0 T), tE,r, T) }. Now using the same arguments as in the proof of Theorem 3.3 we obtain (i), (ii) and (iii).
Using Lemma 3.4 ofCobos et al. [6] we have immediately the following Corollary. COROLLARY 3.6 Let P (Fo, F1) be a Banach couple, let F be an r.o.
interpolation space with respect to F, let E be another Banach space and let T C(E,) be an operator such that T" E--Fo is a ball-contraction and T" E--, F1 is compact. Then at last one of the following conditions must hold: (i) T" E F is compact;
(ii) F'---F. If (ii) for every Banach space E, if T C(E,F) is an operator such that T" E---+ Fo is a ball-contraction operator and T" E--F is compact, then T" E F is a compact;
(iii) /f T (gl,F) is an operator such that T'.---*Fo is a ballcontraction and T: g F is compact, then T" 1 ---+ F is compact.
FURTHER RESULTS IN THE CASES Eo-E1 AND Fo-F1
In this section we generalise some of the results obtained by Cobos et 
whererl(t,E, max{(t,E,/), (t-,E,)/t-).
Proof Let {a + rUEocE,} be aclosed ball of(Eofq El, II" lie)and put, for every > 0,
7(t) max{(t) (t-l)} t_!
For every x {a + rUEone } and every t, e > 0, there are xo, x E Eo and x, x{ c E1 such that x a xo + x x + x[, [tX0llE0 + tllxtllEl (1 + )g(t,x--a)
(1 + )(t)llx--allE < (1 + e)r r/(t) and IIx;llo +t -allx(ll (1 + )g(t-,x-a) < (1 + )(t-1)llx all < (1 + e)rt-(t). (1) and Xm + a T(a + x>) (i) 
REMARKS IN THE LINEAR CASE
The following theorem is mentioned in the introduction of [6] . 
